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1 INTRODUCTION
In the world of game development, multiple disciplines must all work together to create the video games
players around the world enjoy. Game designers in particular are expected to explore multiple fields, from
animation, architecture, and creative writing, to business, history, and psychology (Schell, 2008). Among these
prominent fields, one of the more important for digital game development is mathematics. A strong
understanding of geometry and calculus are vital to creating rendering engines and simulating physics. Without
many of these systems, there simply is no game.
Game development is also a field of creativity – the game industry constantly seeks to create new
experiences for their audience. From the original Atari arcade games to today’s modern virtual reality
experiences, the game industry has taken leaps and bounds towards creating more realistic simulations.
Video games, as a purely digital creation, have amazing potential to create things beyond what we see in the
real world. The simulations we create in games are not limited to the same rules our world is limited to, and
expanding on the mathematics we use to create games has the potential to create surreal and unique experiences.
Our previous limitations on realism were technological in nature, but as the rendering capacity of modern
computers narrows that gap, new opportunities arise. Where before developers were limited to two-dimensional
sprites, we now have three-dimensional volumetric rendering. The question now is where can we go from here?

1.1 ABSTRACT
Within this paper lies an exploration of the potential for four dimensional projections to be used in games,
including:
•

An introduction into what it means to have more than three spatial dimensions,

•

A synopsis of the research conducted into how the human brain interprets four dimensions,

•

A study of the previous history of four-dimensional artistic endeavor, and

•

A look at how current examples use four-dimensions in games.

By looking at the past and present artistic applications and technical understanding of the fourth dimension,
this paper aims to develop an understanding of how, when, and why 4D can and should be used in the modern
game industry.
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2 THE BASICS OF SPATIAL DIMENSIONS
In Stephen Hawking’s book God Created the Integers, he discusses some of the greatest pieces of
mathematical history to date. Two of these mathematicians in particular play a large influence in modern
understanding of dimensionality – René Descartes, creator of the Cartesian coordinate model of mathematics,
and Bernhard Riemann, whose 1853 paper On the Hypotheses Which Underlie Geometry is the foundational
body on which four-dimensional geometry is built (Hawking, 2007).
At its core, the mathematical understanding of dimensionality is that a dimension is a degree of freedom
when considering a point that moves on, or within, an object. Consider the difference between a square and a
cube. Using cartesian coordinate systems, every point on a square can be defined using only two numbers, which
we will refer to as X and Y. A cube however, needs a third dimension that we will call Z to be fully capable of
differentiating points in its volume.

Figure 1: A demonstration of dimensionality common in modern games

2.1 EXPANSION TO HIGHER DIMENSIONS
As noted above, an n-dimensional object requires n variables to define it thoroughly. When expanding to
four dimensions, mathematicians often refer to the fourth variable as W, and a four-dimensional point will often
have its coordinates written as (X, Y, Z, W). Each number represents a series of possible points along an axis,
where each axis is perpendicular to each other. Additionally, in order to define rotation, there are now six
distinct planes an object could rotate on, which we will label as XY, XZ, YZ, XW, YW, and ZW respectively.
Each higher dimension adds an additional axis, and adds a number of rotational planes equal to the
number of dimensions minus one. For example, a five-dimensional object would need five unique axes and ten
unique rotational planes, and a ten-dimensional object would need ten axes and a total of fifty-five rotational
planes.
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When thinking about a higher dimensional object, it is often helpful to recall the concept of a geometrical
net, which dates back to the early 16th century. A net of a standard three-dimensional polyhedron is defined as an
arrangement of non-overlapping polygons on a two-dimensional plane that are all joined to each other along
edges. These nets can be folded along common edges to create the three-dimensional polyhedron they represent.
In a similar way, four-dimensional objects could be considered as a net of three-dimensional objects folded
along shared faces into the fourth-dimension.
One of the most common ways this method is demonstrated is the tesseract – a four-dimensional
equivalent to a square or cube. Imagine eight individual cubes that are folded into the same space, and you have
a tesseract. The challenge then becomes learning how to visualize this concept in the real world.

2.2 DIMENSIONAL PROJECTION
Inside the base version of Unity, one of the leading game engines for independent game development,
cameras have a variable for whether the view is rendered in orthographic or perspective projection. This
projection process is the engine’s method of converting digital 3D objects into a two-dimensional render for the
screen.

Figure 2: A diagram depicting the perspective projection method (Funkhouser, 1999)
Projection is the process of converting an object from a higher dimensional space to one with lower
dimensions. This process is commonly used in cartography to represent the surface of a sphere. For the purposes
of four-dimensional projection, it is common to think of the process as similar to a three-dimensional object
casting a two-dimensional shadow. In the same way, mathematicians have created numerous methods of
demonstrating the three-dimensional representation of a tesseract.
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Figure 4: another tesseract in an orthogonal
projection, showing vertex coordinate values

It should be noted that, while these two methods of expanding and reducing dimensionality of an object
work for any level of dimensionality, the process of dimensional projection inherently deteriorates the quality of
information. For example, the projections of tesseracts seen above only properly show all the individual vertices
of the tesseract because the objects are wireframe – had these projections used solid faces, it would be much
harder to differentiate between a cube and these shapes.

2.3 EINSTEIN AND SPACETIME
One of the most prominent uses of four-dimensional spaces comes in the form of Albert Einstein’s theories
of special and general relativity. Within these theories, Einstein models the concept of spacetime, where the
three-dimensional world we know is bound to time as a fourth dimension (Einstein, 2019). This model of reality
is key to most modern physics, helping to explain the existence of black holes, gravitational waves, the modern
understanding of the foundations of the universe, and so much more.
Despite the importance of this use of the mathematics of four dimensions, this definition implies that all
games are already four dimensional, as they take time to complete. While this understanding was quite popular
among modern artists and architects, for the purposes of this paper we will generally avoid using time as a fourth
dimension when looking at game implementations, and instead focus on using a fourth purely spatial dimension.
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3 HUMAN INTUITION OF FOUR DIMENSIONS
While the mathematics and principles behind four-dimensional space proves to be sound, the concern of a
designer should be on how their designs are used and interpreted. Alessandra Capanna writes in the paper
Thinking Architecture in Four Dimensions that “understanding geometries and studying the changings of
paradigms in Art and Science is crucial for a new approach to Architecture” (Capanna, 2020). This is just as true
for game designers – the challenge being, can our players also understand our games?

3.1 FOUR-DIMENSIONAL SPATIAL REASONING AND NAVIGATION
The studies conducted on four-dimensional spatial
reasoning have been somewhat limited in size and are
infrequent due to the relatively niche research material, but
two studies in particular have shown significant results
about human perception in four-dimensional space.
Research done at the University of Illinois suggests
that, with a decent understanding of the logic behind 4D
geometry, participants are able to describe 4D objects
rotation and relative position to a reasonable degree of
accuracy (Ambinder, Wang, Crowell, Francis, & Brinkmann,

Figure 5: Sample stimulus of study
(Ambinder, Wang, Crowell, Francis, &
Brinkmann, 2009).

2009). Further to this, a study from Princeton University
found that despite a steep learning curve at the beginning of the study,
participants were able to accurately orient themselves in 4D spaces to
allow themselves to shortcut through mazes (Aflalo & Graziano, 2008).
Both studies suggest from their results that, as long as participants are
given time to experience and understand four-dimensional geometry, the
human brain can continue to use the same perceptual processing methods
it does with 3D and 2D spaces. Knowing this means that many of the
principles of understanding of human perception described in The
Gamer’s Brain remain true within 4D spaces, and therefore many of the
primary tools game designers have at their disposal to aid in player
comprehension – gestalt understanding of spaces, negative space, etc. –
can be transferred in principle to four dimensions as well (Hodent, 2018).
Figure 6: Sample stimulus of study
(Aflalo & Graziano, 2008).
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4 HISTORY OF ART IN FOUR DIMENSIONS
Despite the highly technical nature of higher dimensionality, Einstein’s four-dimensional spacetime model
was intensely influential on a number of artists and architects. The early 20th century saw the dawn of a new art
movement called Dimensionism, the advent of motion pictures, and a number of exceptional artists exploring
what it means to exist in a four-dimensional world.

4.1 MODERN ART AND GEOMETRY

Figures 7 & 8: Use of geometry and “impossible” physics in M. C. Escher’s work
(Escher, Stars [wood ingraving], 1948) and (Escher, Relativity [lithograph], 1953)
Several key styles of the modern art movement (and by extension postmodern art) rely heavily on
geometry within their pieces. The following is a brief summary of some of the most pervasive movements of the
early 20th century that frequently used strong geometric elements.
Cubism
Widely considered the most influential art movement of the 20th century, Cubism was first developed by
Pablo Picasso, alongside a number of other artists. Despite never meeting or knowing of each other’s work,
Picasso and Einstein are often credited as two of the most influential men of the 20th century. Picasso’s work
frequently dipped into the realm of four-dimensional art, unknowingly exploring the same ideas of spacetime
(Robbin, 2008). Based around creating the suggestion of form out of collections of shapes, cubism is
quintessentially geometric in nature.
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Art Deco
Art Deco is a primarily sculpture and architecture-based art movement that started in France in the early
1900’s and continued through to the 1930’s. Largely inspired by movements like Cubism and Fauvism, Art Deco
has a style based on rare materials, geometric shapes, and quality craftsmanship. With the dawn of reinforced
concrete, many architects of the time used Art Deco styles when building skyscrapers, most notably the Chrysler
Building in New York City.
Miami Beach in particular is well known for its extensive Art Deco architecture, where ivory white and
bright pastel buildings dominate the area to a point that the city is home to one of the world’s largest collections
of Art Deco-style buildings (Poulin, 2012). This architecture was characterized by the use of stepped profiles,
chevron patterns, ziggurat shapes, and sunburst motifs – all highly angular and dramatic elements.
Futurism and Neo-Futurism
Futurism was a movement dedicated to the concepts of speed, power, and humanity’s ability to look
towards the future and dream the impossible (Rainey, Poggi, & Wittman, 2009). Characterized by its sharp
angles and sense of movement combined with vivid color schemes, Futurism celebrated an idealist concept of
what the world could be.
It is important to understand that, as the modern art movement lasted from the 1860’s through to the
1970’s, a sizeable portion of the most famous artwork of this era was produced during World War II. The
Futurism movement in particular was highly influential in nationalist and fascist states, particularly in Italy,
where futurist leaders became key members of the Fascist Party (Berghaus, 2007). Key among the movement’s
defining manifesto was the intent to “glorify war” and “destroy museums, libraries, academies of every sort”
(Rainey, Poggi, & Wittman, 2009). This association created a large schism in the art world, and after the fall of
the Axis powers, many of the original futurist artists were shunned and ridiculed, ultimately unable to find work.
This paper has similarly sought to avoid idolizing this art.
It took many years for the art world to return to and revive the core concept of focusing on the future, a
more recent movement in the revival of neo-futurism (previously seen in the 1980’s and 90’s) arose in 2007,
focusing on "cross-pollination of art, cutting edge technologies and ethical values combined to create a
pervasively higher quality of life" (Bari, 2007). Highlighting modern construction materials and smooth shapes,
this most recent neo-futurist wave has lasted until present day, featuring buildings like the World Trade Center
Hub in New York City built in 2017.
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4.2 CUBISM, ART DECO, AND NEO-FUTURISM EXAMPLES

Figures 9, 10, & 11: Geometry in cubist painting (Dalí, Cubist Self-Portrait, 1923), art deco architecture (Van
Alen, 1928), and neo-futurist architecture (Masaharu, 1996)
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4.3 THE DIMENSIONIST MANIFESTO
In 1936, a collection of artists in Paris, led by the Hungarian poet Charles Sirató, developed an artistic
movement known as Dimensionism, and declared their intents in a document called The Dimensionist
Manifesto. Heavily influenced by the writings of Einstein, the goals of the Dimensionist movement were laid out
in this document as follows:
The Dimensionist tendency has led to:
I.

Literature leaving the line and entering the plane…

II.

Painting leaving the plane and entering space…

III.

Sculpture stepping out of the closed, immobile forms…

IV.

… The artistic conquest of four-dimensional space, which to date has been completely art-free.
(Sirató, 2013)
With twenty-six artists signed on from multiple disciplines, Dimensionism was highly influential to a

variety of modern artists. While Sirató took great effort to keep the manifesto as simple and direct as possible,
many of it’s signing artists took the mathematics to heart, especially Marcel Duchamp, whom Sirató describes as
“formally and intellectually perhaps the most Dimensionist of all the creators” (Botar, 2018). Other works have
described Duchamp, alongside László Moholy-Nagy and R. Buckminster Fuller, as the “Keepers of the Flame”
of the fourth dimension (Henderson, 2013).

4.4 ARCHITECTURE AND DIMENSIONISM
R. Buckminster Fuller’s work in four
dimensions was primarily one of architectural
sustainability. His “Dymaxion House”
(occasionally referred to as the 4D House) was
designed to be entirely self-sufficient in utility,
easily modular, massively distributable, and
suitable for any environment. While only ever
developed as a prototype, the goal of this
project was to apply modern assembly line
production techniques to housing development
in order to create a new form of housing that
would eternally stand the tests of time.
Figure 12: The Dymaxion House recreation at the Henry
Ford Museum of American Innovation (Fuller, 1946)
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4.5 EXAMPLES OF ARTISTIC DEPICTIONS OF FOUR DIMENSIONS

Figure 13: A depiction of Jesus Christ, being crucified on the unfolded net of a tesseract
(Dalí, Crucifixion (Corpus Hypercubus) [oil on canvas], 1954)
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Figure 14: Several notable artists attempted to depict time as the fourth dimension (Edgerton, 1938)

Figure 15: For other artists, exploration of the fourth dimension involved interaction with perspective
(Lundeberg, 1944)
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5 DESIGNING IN FOUR DIMENSIONS
Despite being relatively rare among modern games, there are still designers who use four-dimensional
spaces in their work. Marc ten Bosch is one such individual – his work in four-dimensional digital toys and
games has proven the potential for 4D in the games industry, and has started to influence other designers.
For the past 10 years, Bosch has been working on Miegakure, a 4D puzzle game where the player can step
into an alternate dimension to bypass obstacles in the level. Bosch’s work has spawned a number of side projects
for him, including 4D Toys, where players can experiment with four-dimensional objects, and an extensive paper
on the mathematics and programming behind his games (Bosch, N-dimensional rigid body dynamics, 2020).

5.1 VISUAL EXAMPLES OF BOSCH’S 4D GAMES

Figure 16: A timeline of images depicting the collision of three tesseracts in 4D (Bosch, 4D Toys, 2017)

Figure 17: A timeline of images depicting the collision of several hypercube dominoes (Bosch, 4D Toys, 2017)
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Figures 18 & 19: One four-dimensional location, two different perspectives (Bosch, Miegakure, Unreleased)
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5.2 LEVEL DESIGN PRACTICES IN FOUR DIMENSIONS
In An Architectural Approach to Level Design, Chris Totten goes into various levels of detail on his
methodology behind level design practice. Prominent among these practices is a frequent dependency on 2D
diagrams to represent and depict a 3D world (Totten, 2014). This practice becomes much more difficult to
develop in a fully four-dimensional game – as mentioned before, dimensional projection inherently loses
information, meaning a 2D diagram representing a 3D projection of a 4D object is inherently flawed.
In order to counteract this issue, either more information needs to be added to the diagrams (i.e. showing
more perspectives and positions in 4D space), or there needs to be less of the fully four-dimensional space
accessible to the player. With Bosch’s Miegakure as an example, the 4th dimension is only visible from one
perspective of the two that can be toggled, and cannot be interacted with when not visible (Bosch, Miegakure,
Unreleased). This subtlety allows Bosch to create simpler diagrams when planning levels and puzzles.

5.3 SUGGESTED USES AND INTERPRETATIONS
While the mathematics and design principles behind four dimensional volumes have proven to be sound, it
is up to the designers to determine how and why these techniques are being used. There are many ways this
technology can be used and interpreted, and the history of artistic endeavor in this field shows how expansive the
space for interpretation is.
Bosch’s work primarily treats the fourth spatial dimension as an alternate reality, where shifts in perspective
are a shifting of worlds. In doing so, Bosch has allowed for multiple different spaces to exist in the same place,
effectively using the fourth dimension as a puzzle mechanic to hide information. This is similar to how the game
Superliminal uses perspective manipulation to change elements of the world around the player, which has proven
engaging and commercially successful as a core mechanic (Pillow Castle, 2020).
Alternatively, the fourth dimension can be used as a tool to disorient or confuse the player. When
considering a tesseract, each cube within the four-dimensional volume connects to 6 other cubes, and all 8 cubes
are connected together. Building trick levels where spaces cycle in unpredicted ways offers unique opportunities
for horror games, where putting the player in a vulnerable and confused state is perfect for a jump scare.

6 CONCLUSION
Overall, four-dimensional spaces in games are not only achievable, they are excellent for creating unique
spatial experiences for players. Despite a more difficult learning curve, these mechanics create new problem
spaces for puzzle solving and play, so long as the designer knows how to use them. Creative designers and
programmers are already using this technology in games, and having them draw on the efforts of previous
artistic endeavor for inspiration can offer valuable insight into four-dimensional design.
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